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INTRODUCTION
Atomic nuclei are strongly interacting many-body systems exhibiting self-emerging properties 
including: shell structure, pairing and superfluidity, deformation, and clustering.
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INTRODUCTION
Oscillation parameters are measured by comparing the neutrino flux at near and far detectors
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INTRODUCTION
Oscillation parameters are measured by comparing 
the neutrino flux at near and far detectors
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Accurate neutrino-nucleus scattering calculations 
critical for the success of the experimental program

If observed, 0𝜈𝛽𝛽 would provide key insights into 
physics beyond the Standard Model

Relating experimental constraints on 0νββ decay 
rates to the neutrino masses requires quantitative 
estimates of nuclear matrix elements



An accurate understanding of nuclear dynamics is critical for multi-messenger astronomy
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INTRODUCTION

A. Sabatucci, O. Benhar PRC 101, 045807 



THE NUCLEAR MANY-BODY PROBLEM
In the low-energy regime, quark and gluons are confined within hadrons and the relevant degrees 
of freedoms are protons, neutrons, and pions

Effective field theories are the link between QCD and nuclear observables.
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Non relativistic many body theory aims at solving the many-body Schrödinger equation

• Nucleons are fermions, so the wave function must be anti-symmetric

• Nuclear potentials are non-perturbative and spin-isospin dependent
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xi ⌘ {ri, szi , tzi }
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NUCLEAR MANY-BODY METHODS
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NUCLEAR MANY-BODY METHODS
• Hamiltonians and consistent currents are the main inputs to nuclear many-body methods
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H| ni = En| ni

• These methods capitalize on high-performance computers to solve the Schrödinger equation 
with controlled approximation 

• Nuclear many-body calculations are continually battling against the “curse of dimensionality,” the 
rapid growth with complexity of computational resources needed.



Configuration-Interaction
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COURSE OF DIMENSIONALITY
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Full-CI (no-core shell model) is highly 
accurate, but limited to light nuclei 
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CONFIGURATION-INTERACTION METHODS

G. Hupin et al., Nat. Comm. 10, 351 (2019) B. S. Hu et al., Nature Phys. (2022)

Polynomially-scaling methods reach (much) 
larger systems with some approximations

Thermonuclear reaction rates of light nuclei are critical to
nuclear science applications ranging from the modeling of
big-bang nucleosynthesis and the early phases of stellar

burning to the exploration of nuclear fusion as a terrestrial source
of energy. The low-energy regime (tens to hundreds of keV)
typical of nucleosynthesis and fusion plasmas is challenging to
probe due to low counting rates and the screening effect of
electrons, which in a laboratory are bound to the reacting nuclei.
A predictive understanding of thermonuclear reactions is there-
fore needed alongside experiments to achieve the accuracy and/or
provide part of the nuclear data required by these applications. A
salient example is the fusion of deuterium (D) with tritium (3H or
T) to generate a 4He nucleus (α-particle), a neutron, and 17.6
MeV of energy released in the form of kinetic energy of the
products. This reaction, used at facilities such as ITER1 and NIF2
in the pursuit of sustained fusion energy production, is char-
acterized by a pronounced resonance at the center-of-mass (c.m.)
energy of 65 keV above the free D and T nuclei due to the for-
mation of the Jπ= 3/2+ resonance of the unbound 5He nucleus.
Fifty years ago, it was estimated3 that, in the ideal scenario in
which the spins of the reactants are perfectly aligned in a total-
spin 3/2 configuration and assuming that the reaction is isotropic,
one could achieve an enhancement of the cross section by a factor
of δ= 1.5, thus improving the economics of fusion energy gen-
eration4. However, while the unpolarized cross section and some
analyzing-power data exist, no correlation coefficients have been
measured yet to confirm this prediction5. More generally, what
little is known about the properties of the polarized DT fusion
was inferred from measurements of the D3He reaction6.

The DT fusion is a primary example of a thermonuclear
reaction in which the conversion of two lighter elements to a
heavier one occurs through the transfer of a nucleon from the
projectile (D) to the target (T). Despite the fairly small number of
nucleons involved in this process, arriving at a comprehensive
understanding—in terms of the laws of quantum mechanics and
the underlying theory of the strong force (quantum chromody-
namics)—of the interweaving of nuclear shell structure and
reaction dynamics giving rise to the DT fusion already represents
a formidable challenge for nuclear theory.

Towards this goal, a pioneering ab initio study of the DT fusion
was carried out in ref. 7, using a nucleon-nucleon (NN) interac-
tion that accurately describes two-nucleon data and representing
the wave function on a basis of continuous “microscopic-cluster”
states8 made of D+T and n+4He pairs in relative motion with
respect to each other. However, this approach was unable to yield
results of adequate fidelity, due to the omission of the three-
nucleon (3N) force—disregarded for technical reasons. Numerous
studies have shown that this component of the nuclear interac-
tion is essential for the reproduction of single-particle proper-
ties8–12, masses13–15, and spin properties10,16, all impactful in the
present case. Besides the 3N force, the approach of ref. 7 also
lacked a complete treatment of short-range five-nucleon corre-
lations, which are crucial to arrive at the accurate description of
the 3/2+ resonance. The formation of this rather long-lived
resonance as a correlated, localized system of five nucleons built
up during the fusion process is integral to the reaction mechan-
ism. Finally, no polarization observables were calculated in the
study of ref. 7.

In the following, we report on ab initio predictions for the
polarized DT fusion using validated NN and 3N forces derived in
the framework of chiral effective field theory (EFT)17,18, a pow-
erful tool that enables the organization of the interactions among
protons and neutrons in a systematically improvable expansion
linked to the fundamental theory of quantum chromodynamics.
The quantum-mechanical five-nucleon problem is solved using
the no-core shell model with continuum (NCSMC)10,19, where

the model space includes D+T and n+4He microscopic-cluster
states, plus conventional static solutions for the aggregate 5He
system20. This enables a fully integrated description of the reac-
tion in the incoming (outgoing) channel, where the reactants
(products) are far apart, as well as when all five nucleons are close
together. We show that this approach yields an accurate repro-
duction of the DT cross section for unpolarized reactants, dis-
criminating among reaction rates from phenomenological
evaluations and demonstrating in detail the small contribution of
anisotropies in the vicinity of the 3/2+ resonance. The maximum
enhancement of the polarized cross section varies as a function of
the deuterium incident energy, dropping significantly above 0.8
MeV. However, such variation is slow in the narrow range of
optimal energies for the reaction, resulting in a rather constant
enhancement of the rate of fusion, compatible with the historic
approximate estimate.

Results
Validation of model for unpolarized reaction observables. We
begin our study with a validation of our ab initio reaction
method on existing experimental data for the unpolarized DT
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function of the deuterium incident energy, ED, at the c.m. scattering angle of
θc.m.= 0° compared to the evaluated data of ref. 26. In the figures
“NCSMC” and “NCSMC-pheno” stand for the results of the present
calculations before and after a phenomenological correction of −5 keV to
the position of the 3/2+ resonance
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QUANTUM MONTE CARLO METHODS
Continuum nuclear quantum Monte Carlo make use of coordinate-space representation of many-
body wave functions.

• They have no difficulties in treating 
“stiff” nuclear forces: test the 
convergence of nuclear EFTs;

• Access to high-momentum 
components of the nuclear wave 
functions;

R. Cruz-Torres et al., Nature Phys. 17 (2021) 3, 306

• Limited to relatively light nuclear 
systems



NEURAL NETWORK QUANTUM STATES
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H = E 



15

Finding the exact solution of this equation is, in principle, an exponentially hard problem
<latexit sha1_base64="iTPPjrzN49ZOjkBqIdSr67iEyFw="></latexit>
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The majority of quantum states of physical interest have distinctive features and intrinsic structures

Credit: G. Carleo

Hilbert Space

Physical States

Mean-field

NEURAL-NETWORK QUANTUM STATES
Let’s take a step back: spin problem
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NEURAL-NETWORK QUANTUM STATES
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 Artificial neural networks (ANNs) can compactly represent complex high-dimensional functions;

ANNs trained minimizing the energy, which is evaluated stochastically
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Giuseppe Carleo and Mathias Troyer demonstrated that RMBs outperform traditional Jastrows

NEURAL-NETWORK QUANTUM STATES

G. Carleo et al. Science 355, 602 (2017)
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PIONLESS EFT (INSPIRED) HAMILTONIAN
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We take as input a LO pionless-EFT Hamiltonian that we contributed developing

• NN potential: fit to np scattering lengths and 
effective radii and the deuteron binding energy 
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• 3NF adjusted to reproduce the 3H 
binding energy.
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R. Schiavilla, AL, PRC 103, 054003(2021)
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 The ANN variational state is a product of mean-field state modulated by a flexible correlator factor 

• The mean-field part is a Slater 
determinants of single-particle orbitals 

NEURAL SLATER-JASTROW ANSATZ
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. . .
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�N (x1) �N (x2) · · · �N (xN )

3

7775

• Each orbital is a FFNN that takes as 
input

• The Jastrow is a permutation-invariant 
function of the single-particle coordinates
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Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

*Equal contribution 1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
<{ed, fabian, martin}@robots.ox.ac.uk>.

Proceedings of the 36 th
International Conference on Machine

Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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f(x1, …, xM)

�(x1)
�(xM)

Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. � and ⇢ can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions � : R ! Z and ⇢ : Z ! R such
that2

f(X) = ⇢
�
⌃x2X�(x)

�
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(·). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(·) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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SAMPLING COORDINATES AND SPIN
The calculation of the observables involve integrating over 3A spatial and 2A spin-isospin variables

20

We evaluate it stochastically using the Metropolis-Hastings Markov Chain Mote Carlo algorithm
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Spatial move Spin-isospin move

The observables are estimated by taking averages over the sampled configurations  
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STOCHASTIC RECONFIGURATION
The ANN is trained by performing an imaginary-time evolution in the variational manifold

21

During the optimization, then parameter are updated as
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p⌧+�⌧ = p⌧ � ⌘(S⌧ + ✏I)�1g⌧

The gradient is supplemented by the quantum Fisher Information pre-conditioner
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S. Sorella, Phys. Rev. B 64, 024512 (2001)
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ADAPTIVE STOCHASTIC RECONFIGURATION
We use an adaptive learning rate with 10-7 < η < 10-2 . It yields robust convergence patterns for all the 
nuclei and regulator choices that we have analyzed 

22

C. Adams, AL, et al, PRL 127, 022502 (2021)



To further elucidate the quality of the ANN wave function we consider the point-nucleon density
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COMPARISON WITH QUANTUM MONTE CARLO
• The ANN Slater Jastrow ansatz outperforms conventional Jastrow correlations

24

• Remaining differences with the GFMC are due to deficiencies in the Slater-Jastrow ansatz

C. Adams, AL, et al, PRL 127, 022502 (2021)
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Visible orbitals on visible coordinates Visible orbitals on hidden coordinates

Hidden orbitals on visible coordinates Hidden orbitals on hidden coordinates

HIDDEN NUCLEONS
The “hidden fermion” approach was recently introduced to model fermion wave functions

25
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J. R. Moreno, et al., PNAS 119, 2122059119(2022)
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HIDDEN NUCLEONS
The “hidden fermion” approach was recently introduced to model fermion wave functions
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DISCRETE (POINT) SYMMETRIES 
We enforce point-symmetries, such as parity and time reversal, into the hidden nucleon ansatz.
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•  We construct states with positive-definite parity by
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(R,S) ⌘  HN (R,S) + HN (�R,S) .

• For even-even nuclei, such as 4He and 16O we can additionally enforce time-
reversal symmetry
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We gauge the role of time reversal symmetry in 4He by comparing again with the HH method
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HIDDEN NUCLEONS FOR A=4 NUCLEI

4

FIG. 1. Convergence of the SR algorithm for 3He (upper
panel) and 3H (lower panel) with the original (blue solid cir-
cles) and RMSProp-like (orange solid circles) diagonal shifts.
The ANN-SJ and the HH energies of Ref. [29] are displayed
by the purple dashed and solid green lines, respectively.

III. RESULTS

We begin our analysis comparing the performances of
the original SR method with the version that includes
the RMSProp-inspired diagonal shift in the Fisher-
information matrix. In Fig. 1, we show the convergence
of the ground-state energy of 3He (upper panel) and 3H
(lower panel) as obtained with Ah = 3 hidden nucle-
ons — the minimal number that guarantees an exact an-
swer for this nucleus — and the positive-parity ansatz of
Eq. (5). The blue solid circles, corresponding to the en-
ergies obtained using the RMSProp-like regularization,
are noticeably closer to the numerically-exact HH result
of Ref. [28] than those obtained with the original version
of the SR algorithm. The fact that the SR-RMSProp
estimates are less scattered that the SR ones is another
indication of the better minima found by new version of
the algorithm. Most notably, independent of the particu-
lar regularization choice, both the SR and SR-RMSProp
energies are appreciably lower than the ANN-SJ value
reported in Ref. [29].

Because of its superior training performances with re-
spect to the original version of the algorithm, in the re-
mainder of the paper we will only show results obtained
with the SR-RMSProp minimizer. The convergence of
the 4He ground-state energy computed with Ah = 4
hidden nucleons is in displayed in Fig. 2. The parity-
conserving wave function  P

HN
(R,S) is outperformed

by  PT

HN
(R,S), which additionally preserves the time-

reversal symmetry. Both of them provide significantly
better energies than the original ANN-SJ model, as
they can improve the nodal surface of the single-particle
Slater determinant. More importantly,  PT

HN
(R,S) pro-

vides a variational energy that is consistent with the
numerically-exact HH estimate of Ref. [29]. It has to
be noted that  P

HN
(R,S) can in principle converge to

the exact energy, even with Ah = 4 hidden nucleons,
but it requires wider (or deeper) ANN architectures. To
prove this point, in the lower panel of Fig. 2 we show the
training of  P

HN
(R,S) with Ah = 4 in which the num-

FIG. 2. Upper panel: 4He ground-state energy convergence
with the ansatz that conserves parity (blue solid circles) and
parity plus time reversal (orange solid circles). The ANN-SJ
and the HH ground-state energies of Ref. [29] are displayed by
the purple dashed and solid green lines, respectively. Lower
panel: Convergence of the parity-conserving ansatz utilizing
a wider ANN than in the upper panel.

Imposing time reversal accelerates the training and augments the expressivity of the net for a fixed 
number of parameters 
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NUCLEAR PHYSICS APPLICATIONS

5

ber of nodes in the hidden layers in �F and ⇢F has been
increased from 16 to 24. After about 4800 optimization
steps, the parity-conserving ansatz yields energies that
are consistent with the HH method. Nevertheless, our
results indicate that enforcing time-reversal symmetry is
e↵ective in reducing the training time and augment the
expressivity of the hidden-nucleon ANN architecture.

Neural-network quantum states applications to nuclear
systems have so far been limited to light nuclei, with
up to A = 6 nucleons [26, 28, 29]. Here, we signifi-
cantly extend the reach of this methods by computing the
ground-state of 16O utilizing the hidden-nucleon ansatz.
In Ref. [31], the AFDMC method has been employed to
study this nucleus using as input the LO pionless-EFT
Hamiltonian of Eq. (1). The AFDMC trial wave function
takes the factorized form  T (R,S) ⌘ hRS|F|�i. The
Slater determinant of single-particle orbitals �(R,S) de-
termines the long-range behavior of the wave function.
The correlation operator is expressed as

F =
⇣ Y

i<j<k

F c

ijk

⌘⇣Y

i<j

F c

ij

⌘⇣
1 +

X

i<j

F op

ij

⌘
(8)

The spin-isospin independent three-body correlations
F c

ijk
act on all triplets of nucleons. Similarly, the cen-

tral two-body Jastrow F c

ij
is applied to all nucleon pairs,

while the spin-isospin dependent term, F op

ij
, appears in

a linearized form [47]. This approximation reduces the
computational cost of evaluating  T (R,S) from expo-
nential to polynomial in A but makes the trial wave func-
tion non extensive: if the system is split in two (or more)
subsets of particles that are separated from each other,
the F does not factorize into a product of two factors
in such a way that only particles belonging to the same
subset are correlated. As a consequence, the correlation
operator of Eq. (8) becomes less e↵ective for nuclei larger
than 16O, preventing the applicability of the AFDMC
method to medium-mass nuclei.

The AFDMC projects out the ground-state of the sys-
tem from the starting trial wave function performing an
evolution in imaginary time ⌧

| 0i / lim
⌧!1

| (⌧)i = e�H⌧ | T i . (9)

The fermion-sign problem is mitigated by means of the
constrained-path approximation, which essentially lim-
its the imaginary-time propagation to regions where the
propagated and trial wave functions have a positive over-
lap [16]. Contrary to the fixed-node approximation, the
constrained-path approximation does provide an upper
bound to the true ground-state energy of the system [48].
The accuracy of the trial wave function is critical to re-
duce this bias, as the constrained-path approximation
becomes exact when the trial wave function is coincides
with the ground-state one.

In Fig. 3, we display the ground-state energy of 16O as
a function of the number of hidden nucleons Ah for the
parity and time-reversal conserving ansatz of Eq. (6). For
comparison, the VMC energy of 16O obtained with the

FIG. 3. Ground-state energy of 16O as a function of the num-
ber of hidden nucleons Ah (solid blue points). The VMC
and AFDMC energies — the latter taken from Ref. [31] —
are shown by the green-dashed and orange solid lines. The
shaded areas represent the Monte Carlo statistical uncertain-
ties.

correlation operator of Eq. (8) is represented in Fig. 3
by the dashed green line, while the shaded area is the
Monte Carlo statistical uncertainty. The solid horizontal
line and the shaded area indicate the constrained-path
AFDMC energy and its statistical uncertainty as listed
in Ref. [31]. Already for Ah = 2, the hidden-nucleon wave
function matches the VMC value. By further increasing
Ah, the variational energy lowers until it becomes consis-
tent with the AFDMC value, within error bars, demon-
strating the accuracy of the hidden-nucleon ansatz even
in the p-shell region.

Unless a forward-walk propagation is used [49, 50],
within di↵usion Monte Carlo methods, expectation val-

FIG. 4. Point nucleon density of 16O as obtained with the
hidden nucleon ansatz (solid blue circles) compared with the
perturbatively-corrected AFDMC estimates of Eq. (10).

16O 16O
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We extend the reach of neural quantum states to 16O

In addition to its ground-state energy, we evaluate the point-nucleon density of 16O with Ah=16
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INFINITE PERIODIC SYSTEMS
• We extended our approach to periodic systems, such us liquid 4He and soft (gaussian) spheres
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➡ Periodic ANN by construction:

➡ Permutation invariant Deep-Sets ANN for computing bosons: 
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We have introduced a periodic hidden-nucleons ansatz to model low-density neutron matter
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slightly larger than the experimental value of �18.9(4)
fm, see [41] and references therein, while the e↵ective
range is well reproduced. The Hamiltonian also contains
a repulsive three-body force that ensures the stability of
nuclei.

We approximate the ground-state solution of the nu-
clear many-body problem with an NQS ansatz that be-
longs to the hidden-fermion family [42], recently general-
ized to continuum Hilbert spaces and applied to atomic
nuclei in Ref. [29]. In addition to the visible spatial and
spin coordinates of the A neutrons, R = {r1 . . . rA} and
S = {sz1 . . . szA}, the Hilbert space contains fictitious Ah

hidden-nucleon degrees of freedom. In this work we use
Ah = A = 14 so that the system is as flexible as possi-
ble, but in practice we have also found using as few as
8 hidden nucleons gives very similar results. The wave
function can be conveniently expressed in a block matrix
form as

 HN (R,S) ⌘ det


�v(R,S) �v(Rh, Sh)
�h(R,S) �h(Rh, Sh)

�
. (1)

As in Ref. [29], �v(R,S) is the A ⇥ A matrix represent-
ing visible single-particle orbitals computed on the visible
coordinates while the Ah ⇥ Ah matrix �h(Rh, Sh) yields
the amplitudes of hidden orbitals evaluated on the co-
ordinates of the Ah hidden nucleons. Finally, �h(R,S)
and �v(Rh, Sh) are Ah ⇥ A and A ⇥ Ah matrices giving
the amplitudes of hidden orbitals on visible coordinates
and visible orbitals on hidden coordinates, respectively.
All the above matrices are expressed in terms of deep
neural networks with di↵erentiable activation functions
— see Ref. [29] for additional details. To respect the
Pauli principle, the coordinates of the hidden nucleons
must be permutation-invariant functions of the visible
ones. We enforce this symmetry by using a Deep-Sets
architecture [43, 44] with logsumexp pooling. Addition-
ally, the discrete parity and time reversal symmetries, are
enforced in the same manner as Ref. [29].

Inspired by the success of quantum-chemistry NQS [32,
33], we augment the flexibility of the ansatz by perform-
ing a generalized backflow transformation to the visi-
ble coordinates of the hidden-nucleon matrix: (R,S) !
(R̃, S̃). We use the Deep-Sets architecture again to en-
force fermion anti-symmetry

(r̃i, s̃
z

i
) = ⇢bf

⇣
ri, s

z

i
, log

⇣X

j

exp(�bf(rj , s
z

j
)
⌘⌘

. (2)

To further augment the expressivity, separate ⇢bf and
�bf neural networks are used for each of the A visible
coordinates.

We simulate infinite neutron matter using 14 particles
in a box with periodic boundary conditions. Following
Ref. [45], the latter are imposed by mapping the spatial
coordinates onto periodic functions by

ri !
✓
sin

✓
2⇡ri
L

◆
, cos

✓
2⇡ri
L

◆◆
(3)

which ensures the wave function is continuous and di↵er-
entiable at the box boundary. Here L is the size of the
simulation periodic box, and the sin and cos functions
are applied element-wise to ri. Finite-size e↵ects due
to the tail corrections of two- and three-body potentials
are accounted for by summing the contributions given by
neighboring cells to the simulation box [46].

Evaluating the expectation values of quantum mechan-
ical operators, including the Hamiltonian, requires car-
rying out multi-dimensional integration over the spatial
and spin coordinates of the neutrons. To this aim, we
exploit Monte Carlo quadrature and sample R and S
from | HN (R,S)|2 using the Metropolis-Hastings algo-
rithm [47] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
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FIG. 1. NQS training data in neutron matter at ⇢ = 0.04
fm�3 (data points) compared with Hartree-Fock (dotted line),
conventional VMC (dashed line), constrained-path ADMC
(dash-dotted line) and unconstrained-path ADMC results
(solid line).

The NQS ansatz converges to the 
unconstrained AFDMC energy, using a 
fraction of the computing time

• NQS: 100 hours on NVIDIA-A100 

• AFDMC: 1.2 million hours on Intel-
KNL 

The hidden-nucleon ansatz captures 
the overwhelming majority of the 
correlation energy
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from | HN (R, S)|2 using the Metropolis-Hastings algo-
rithm [48] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
the statistical error grows exponentially with the imagi-
nary time.

As shown in Fig. 1 for ⇢ = 0.04 fm�3, after ' 2000
stochastic-reconfiguration steps, the NQS ansatz con-
verges to the virtually exact unconstrained AFDMC en-
ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained
with the NQS ansatz against AFDMC calculations of
14 particles with periodic-box boundary conditions, so
that finite-size e↵ects are the same in both approaches.
The AFDMC takes as input the AV18+UIX Hamiltonian
used in the celebrated APR equation of state [40], and
the local, �-full chiral-EFT potentials that include tri-
tium �-decay in the fitting procedure and do not make
neutron-matter collapse, i.e. models NV2+3-Ia*/b*, and
NV2+3-IIb* [6, 21]. Since for all the densities we con-
sider, the AV18+UIX, NV2+3-Ia*/b*, and NV2+3-IIb*
are in excellent agreement, they are collectively displayed
by the “⇡-full” band, stressing that all these interactions
explicitly retain pion-exchange terms.

The /⇡EFT Hamiltonian “o” is in excellent agreement
with the ⇡-full models — both providing energies much
below the non-interacting Fermi gas (not shown in the
Figure). These minor di↵erences are likely because model
“o” yields a slightly larger nn scattering length than
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FIG. 2. Low-density neutron-matter /⇡EFT equation of state
as obtained with the hidden-nucleon NQS for /⇡EFT potential
“o” (blue circles) and /⇡EFT potential “a” (orange squares)
compared with interactions which retain pion-exchange terms
(green band). We see that the “o” potential is in excelent
agreement with the ⇡-full interactions while the “a” potential
has a slightly sti↵er equations of state due primarily to a more
repulsive three-body force.

the experimental value and, therefore, more attraction in
neutron matter. For benchmark purposes, we also con-
sider the /⇡EFT model “a” of Ref. [35], which provides
a slightly sti↵er equation of state than model “o”. By
checking the individual expectation value of the two and
three-body potentials, we find that this behavior is pri-
marily due to the three-body force contribution that is
more repulsive in model “a” than model “o”, which arises
from a more bound 3H when the two-body force alone is
employed.

Once trained on the system’s energy, the NQS
can be used to accurately evaluate a variety of
quantum-mechanical observables, such as the spin-singlet
and triplet two-body distribution functions defined in
Ref. [49]. Figure 3 shows these distributions at ⇢ = 0.01
fm�3 (panel a), ⇢ = 0.04 fm�3 (panel b), and ⇢ = 0.08
fm�3 (panel c). The significant increase in the spin-
singlet channel compared to the non-interacting Fermi
Gas indicates that the NQS wave function can capture
the emergence of the 1S0 neutron pairing, despite not be-
ing explicitly encoded in the ansatz. Consistent with the
behavior of the pairing gap [13, 22], the enhancement is
more prominent at low densities and vanishes at higher
densities. On the other hand, at these densities, no pair-
ing correlations are present in the spin-triplet channel.

Conclusions – In this work, we have put forward an
NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
flow correlations, whose inclusion has proven beneficial
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Low-density neutron matter is characterized by fascinating emergent quantum phenomena, such 
as the formation of Cooper pairs and the onset of superfluidity.
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FIG. 2. Low-density neutron-matter /⇡EFT equation of state
as obtained with the hidden-nucleon NQS (solid blue circles)
compared with AFDMC calculations based on the AV18+UIX
(orange squares), NV1A-3bs (red triangles), and NV1A-3bs
(green triangles) Hamiltonians.

the statistical error grows exponentially with the imagi-
nary time.

As shown in Fig. 1 for ⇢ = 0.04 fm�3, after ' 2000
stochastic-reconfiguration steps, the NQS ansatz con-
verges to the virtually exact unconstrained AFDMC en-
ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained with
the NQS ansatz against Fermi hypernetted chain/single-
operator chain calculations that take as input the so-
phisticated AV18+UIX Hamiltonian, consistent with the
celebrated APR equation of state [40]. For all densities
considered, /⇡EFT and AV18+UIX are in excellent agree-
ment, the maximum di↵erence being always below 0.30
MeV per particle — both of them provide energies much
below the non-interacting Fermi gas. These minor di↵er-
ences are likely because model “o” yields a slightly larger
nn scattering length than the experimental value and,
therefore, more attraction in neutron matter. The latter
is not compensated for by the three-body force, whose
repulsive contribution is at most 0.25 MeV per neutron.
Finite-size e↵ects at these densities are small but not
negligible, as the kinetic energy of a free Fermi gas at
⇢ = 0.04 fm�3 and the one computed with 14 neutrons
in a box di↵er by about 0.20 MeV per particle.

Once trained on the systems’ energy, the NQS

can be used to accurately evaluate a variety of
quantum-mechanical observables, such as the spin-singlet
and triplet two-body distribution functions defined in
Ref. [48]. Figure 3 shows these distributions at ⇢ = 0.01
fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel b). The sig-
nificant increase in the spin-singlet channel compared to
the non-interacting Fermi Gas indicates that the NQS
wave function can capture the emergence of the 1S0

neutron pairing, despite not being explicitly encoded in
the ansatz. Consistent with the behavior of the pair-
ing gap [13, 22], the enhancement is more prominent at
⇢ = 0.01 fm�3 than ⇢ = 0.04 fm�3. On the other hand,
at these densities, no pairing correlations are present in
the spin-triplet channel.
Conclusions – In this work, we have put forward an

NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
flow correlations, whose inclusion has proven beneficial
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FIG. 3. Spin-singlet and triplet two-body distribution func-
tions at ⇢ = 0.01 fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel
b). The NQS calculations (solid symbols) are compared with
non-interacting Fermi Gas results (solid lines).
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FIG. 2. Low-density neutron-matter /⇡EFT equation of state
as obtained with the hidden-nucleon NQS (solid blue circles)
compared with AFDMC calculations based on the AV18+UIX
(orange squares), NV1A-3bs (red triangles), and NV1A-3bs
(green triangles) Hamiltonians.

the statistical error grows exponentially with the imagi-
nary time.

As shown in Fig. 1 for ⇢ = 0.04 fm�3, after ' 2000
stochastic-reconfiguration steps, the NQS ansatz con-
verges to the virtually exact unconstrained AFDMC en-
ergy, using a fraction of its computing time: about
100 hours on NVIDIA-A100 GPUs vs approximately
1.2 million hours on Intel-KNL CPUs. Notice that the
constrained-path approximation violates the variational
principle. In contrast, variational Monte Carlo calcula-
tions based on the NQS never yield energies below that
of the Hamiltonian’s ground state. Comparing with the
Hartree-Fock approximation, it appears that the hidden-
nucleon ansatz captures the overwhelming majority of
the correlation energy.

In Fig. 2, we compare the /⇡EFT energies obtained with
the NQS ansatz against Fermi hypernetted chain/single-
operator chain calculations that take as input the so-
phisticated AV18+UIX Hamiltonian, consistent with the
celebrated APR equation of state [40]. For all densities
considered, /⇡EFT and AV18+UIX are in excellent agree-
ment, the maximum di↵erence being always below 0.30
MeV per particle — both of them provide energies much
below the non-interacting Fermi gas. These minor di↵er-
ences are likely because model “o” yields a slightly larger
nn scattering length than the experimental value and,
therefore, more attraction in neutron matter. The latter
is not compensated for by the three-body force, whose
repulsive contribution is at most 0.25 MeV per neutron.
Finite-size e↵ects at these densities are small but not
negligible, as the kinetic energy of a free Fermi gas at
⇢ = 0.04 fm�3 and the one computed with 14 neutrons
in a box di↵er by about 0.20 MeV per particle.

Once trained on the systems’ energy, the NQS

can be used to accurately evaluate a variety of
quantum-mechanical observables, such as the spin-singlet
and triplet two-body distribution functions defined in
Ref. [48]. Figure 3 shows these distributions at ⇢ = 0.01
fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel b). The sig-
nificant increase in the spin-singlet channel compared to
the non-interacting Fermi Gas indicates that the NQS
wave function can capture the emergence of the 1S0

neutron pairing, despite not being explicitly encoded in
the ansatz. Consistent with the behavior of the pair-
ing gap [13, 22], the enhancement is more prominent at
⇢ = 0.01 fm�3 than ⇢ = 0.04 fm�3. On the other hand,
at these densities, no pairing correlations are present in
the spin-triplet channel.
Conclusions – In this work, we have put forward an

NQS suitable to model the normal and superfluid phases
of infinite neutron matter in a unified fashion. We im-
prove the expressivity of the hidden-nucleon ansatz of
Ref. [29] by adding state-dependent generalized back-
flow correlations, whose inclusion has proven beneficial
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FIG. 3. Spin-singlet and triplet two-body distribution func-
tions at ⇢ = 0.01 fm�3 (panel a) and ⇢ = 0.04 fm�3 (panel
b). The NQS calculations (solid symbols) are compared with
non-interacting Fermi Gas results (solid lines).
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We develop translation invariant NQS to study the Homogeneous Electron Gas. 
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�PW
i (xj) = eiki·rj h�i|sji ,
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Start from a relatively simple Slater Jastrow ansatz 
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||~ri � ~rj ||
+ const.

Translation invariance: single-particle orbitals are plane-waves
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Figure 1. Schematic illustration of the backflow transformation, which transforms single-particle coordinates ri 2 Rd (black
dots, top left) to quasi-particle coordinates �ri 2 Cd via the MPNN (black/white dots for real/imaginary part, top right).
The MPNN constructs an initial graph that consists of an initial feature vector (dark grey) and a hidden state (green). This
graph is then transformed via messages, defined in Eq. 7, to another graph consisting of the initial feature vectors and an
updated hidden state (indicated by di↵erent coloring). After the final iteration, the node states are linearly transformed to

the quasi-particle positions �ri = W · h(T )
i , which now contain information about all particles (D is the dimension of the last

graph’s nodes).

orbitals are a natural choice: �k(r) = exp [ik · r] with
k = 2⇡

L
n where n 2 Zd. To take into account spin, we use

the spin-orbitals �µ(r, s) = �kµ(r)�sµ,s, where s denotes
the spin of the particle at position r, and each spin-orbital
is characterized by the quantum numbers µ = (kµ, sµ).
This choice of orbitals allows us to fix the total momen-
tum of the system ktot =

P
N

i=1 ki. Furthermore, the
choice of orbitals allows us to factorize the determinant
into a product of determinants of up and down spin or-
bitals.

D. MP-NQS for the Electron Gas

To specialize the MP-NQS architecture to the HEG,
we only need to define the initial feature vectors. Since
the HEG is invariant under continuous translations and
spin inversion, we do not input single-particle informa-
tion (single-particle positions/spins) to the initial node
features. Instead, we use a learnable embedding vector
e 2 RD1 , that does not depend on the particle index i.
For the edge features, we use the translation invariant
particle-distances rij = ri � rj and their norm. To dis-
tinguish same- and opposite-spin pairs without breaking
the spin-inversion symmetry of the problem, we input
products of the form si · sj = ±1 to the edge features.

Overall, we get the following initial feature vectors:

x(0)
i

= e (15)

x(0)
ij

= [rij , krijk, si · sj ]. (16)

Notice that with this choice, the resulting backflow coor-
dinate yi preserves the spin quantum number si of the
particle i exactly.

To respect the PBCs of the simulation box, we apply
the method introduced in Ref. [21]. The components of
a vector r 2 Rd (where r can represent a single-particle
position vector ri or a distance vector rij) are mapped
to a Fourier basis r 7!

⇥
sin

�
2⇡
L
r
�
, cos

�
2⇡
L
r
�⇤

2 R2d and
the norm of the distance between two particles krijk is
replaced with a periodic surrogate krijk 7!

��sin
�
⇡

L
rij

���.
In sum, our Ansatz allows us to fix the total momen-

tum ktot, while being translation invariant and respecting
spin-inversion symmetry. Furthermore, the MP-NQS can
change the nodal surface with a number of variational pa-
rameters independent of the system size. The variational
Ansatz for the HEG uses around ⇠ 19000 variational pa-
rameters and can be trained within O(103) optimization
steps while reaching state-of-the-art accuracy. A detailed
comparison to other existing NQS approaches is given in
Appendix C.

Translation-invariant (and periodic) by construction: 
<latexit sha1_base64="30DIWt6A2bjQefgaEHrkcz9M3pE="></latexit>

x(0)
i = e, x(0)

ij = [rij , ||rij ||, si · sj ].
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III. RESULTS AND DISCUSSION

We test our variational Ansatz for the fully spin-
polarized and unpolarized electron gas, in di↵erent den-
sity regimes rs 2 [1, 100], and up to system sizes of
N = 128 electrons. We benchmark our ground-state
energies against a variety of methods. For large densi-
ties the reference results are obtained using transcorre-
lation augmented full configuration interaction method
(FCI) and distinguishable clusters with doubles (DCD)
method [34], both commonly used in quantum chem-
istry. At low densities, state-of-the art results are ob-
tained using Di↵usion Monte Carlo (DMC) with back-
flow (BF-DMC) [50, 51]. As mentioned above, compet-
itive results from currently available NQS architectures
– FermiNet [23] and WAPNet [22] (which uses modified
FermiNet-layers) – are available only for small system
sizes N 2 {14, 19}. For N = 128 electrons, we investi-
gate the low-density regime at rs = 110, 200, and com-
pare to fixed-node DMC (FN-DMC) results, obtained as
described in Appendix D.

FN-DMC is also used to assess the e↵ect of our back-
flow transformation on the nodal surface (dictated by the
choice of orbitals) for N 2 {27, 54} particles. We use an
energy of 1 mHa per particle (chemical accuracy) to judge
the significance of energy di↵erences between the di↵er-
ent methods. A full overview of our results, as well as all
benchmarks for the di↵erent system sizes and densities,
is provided in Tables I, II, III for the spin-unpolarized
case, and Tables IV, V for the spin-polarized case (see
Appendix E).

A. Small systems

The results for small system sizes N 2 {14, 19} are
depicted in the top panel of Figure 2. For N = 14
FCI can be used up to densities of rs = 5 and delivers
the lowest available ground-state energy for the HEG.
The energy di↵erence between our Ansatz and the FCI
results is lower than 1 mHa per particle, though the
computational cost of the FCI method scales exponen-
tially with system size. Other NQS architectures perform
comparably to the MP-NQS. The unrestricted version
of FermiNet performs slightly better (O

�
10�5

�
Ha/N)

than both the MP-NQS and WAPNet for rs  2, while
the MP-NQS and WAPNet improve over FermiNet for
rs = 5. The restricted version of FermiNet yields worse
ground-state energies than the MP-NQS over all probed
densities [23]. For rs � 5, where FCI is intractable, we
compare our results to the ones obtained with WAP-
Net and DCD. We find that our architecture slightly
outperforms WAPNet for all of the reported densities.
Furthermore, both neural-network-based methods out-
perform the DCD method. Nevertheless, all results lie
within a range of 1 mHa per particle. A similar pattern
is visible for the slightly larger, polarized case of N = 19
particles: the MP-NQS obtains slightly higher energies

than WAPNet for large densities (rs  5) and slightly
lower ones at smaller densities (rs � 5). The di↵erences
are lower than 1 mHa per particle in all cases and can be
considered negligible.
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Figure 2. Energy di↵erences between ground-state energies
obtained with other methods and with our model relative to
the corresponding Hartree Fock energy in the thermodynamic
limit for various densities, polarizations, and system sizes.
(Top panel) N = 14, 19, (Bottom panel): N = 54 particles.
Error bars are too small to be visible for most densities. The
corresponding numerical data can be found in Appendix E.

B. Large systems

For the larger system size of N = 54 particles, we can
only compare with FCI at high density rs = 1, where
our method achieves the same level of accuracy. As the
system size increases, the di↵erence between our results
and FCI decreases, with the two methods yielding statis-
tically indistinguishable results for N = 54.

We obtain significantly better ground-state energies
than BF-DMC, especially at high densities. This is in
stark contrast to the (FermiNet-based) architecture of
[27] (dubbed LiNet in the following), which does not
improve upon BF-DMC energies over the whole den-
sity regime (see Figure 2, bottom panel). Comparison
to DCD data shows that the MP-NQS can consistently
improve the ground-state energies for all examined den-
sities, with energy di↵erences exceeding 1 mHa per par-
ticle. This indicates that while the accuracy of DCD de-
creases with increasing system size, our method appears
to maintain its accuracy independent of system size. As
expected, we reach higher accuracy compared to FN-
DMC due to the optimization of the nodal surface. The
di↵erence is ⇠ 1 mHa per particle at the largest density
but decreases with decreasing density because the nodal
surface does not contribute as much to the ground-state
energy in this regime. Similar behavior is seen for the

6

BF-DMC results on the same system size as well as for
the FN-DMC results on N = 27 particles. The results
on the N = 54 unpolarized system exemplify the accu-
racy of our variational Ansatz, which does not depend
significantly on the system size or density.

C. Wigner Crystallization

A phase transition from liquid to crystalline phase is
expected for the HEG, as a function of the density n.
The dominating kinetic energy in Eq. (14) (⇠ 1/r2

s
) for

large n, leads to the well-known Fermi liquid behavior.
Contrary for small n, the potential energy (⇠ 1/rs) domi-
nates and enforces a crystalline structure among the elec-
trons known as the Wigner crystal. The Wigner crystal,
expected to be of BCC type [52], is translation invariant,
and the resulting crystal structure is therefore called a
floating crystal. The latter is characterized by a homo-
geneous single-particle density distribution and a crys-
talline two-body radial distribution function.

In previous QMC simulations of the Wigner crystal
phase (e.g. in the works of Refs. [23, 35, 53]), the tran-
sition is investigated using a variational Ansatz that ex-
plicitly breaks translation symmetry. As a result, these
works find a pinned BCC lattice rather than the trans-
lation invariant version. The pinned crystal is addition-
ally induced by using Gaussian orbitals centered around
BCC lattice sites, a primitive BCC simulation cell, or
both. Detection of the translation invariant transition,
without any biasing towards a BCC structure, has not
been realized up to now, to the best of our knowledge.

We use here the MP-NQS as an unbiased, translation
invariant variational Ansatz to investigate the transition
in a conventional BCC cell i.e. a simple cubic simulation
cell. We study system sizes of N = 54, 128 particles at
rs = 5, 110, 200. The resulting radial distribution func-
tions for N = 54, 128 particles are displayed in Figure 3,
4, respectively. At high densities (rs = 5), we obtain typ-
ical Fermi liquid behavior. Interactions cause the g2(r)
exchange hole to drop from 0.5 predicted by Hartree-
Fock, to below 0.1. No correlations are found between
particles at large distances (indicated by g2(r) = 1).
With decreasing density (rs = 110), the finite g2(0) van-
ishes, as the potential energy forces particles apart. For
rs = 110 and N = 54 particles, we observe a slight de-
parture of the radial distribution w.r.t. an unpolarized
fluid in the first maximum [53]. For larger distances, we
again reproduce the fluid benchmark. While this could
be seen as the formation of a crystalline structure, scaling
to a larger system size of N = 128 particles reveals a fi-
nite size e↵ect as putative long-range correlations decay
rapidly for increasing distances. The FN-DMC results
also support this finding. We therefore conclude that we
do not observe the translation invariant Wigner crystal
phase at rs = 110. For even lower densities (rs = 200)
we observe increasing oscillations up to larger distances.
Compared to radial distribution functions obtained using

(translation invariance breaking) Gaussian orbitals, the
oscillations that we observe decay slightly faster.
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Figure 3. Spin-averaged radial distribution function for the
HEG system with N = 54 particles at low densities (rs =
5, 110, 200). The error bars are smaller than the symbols.
The unpolarized fluid is obtained from [53] for rs = 110.
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Figure 4. Spin-averaged radial distribution function for the
HEG system with N = 128 particles at low densities (rs =
110, 200). The error bars are smaller than the symbols. The
unpolarized fluid is obtained from [53] for rs = 110.

IV. CONCLUSIONS

We have introduced a novel NQS architecture that uses
message-passing neural networks to build highly corre-

Energies Correlation functions  
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• We model the 3D unpolarized gas of 
fermions with the Hamiltonian

<latexit sha1_base64="0WQjaNPKP2zEFb89O5w9kIUEYsI="></latexit>

H = � ~2
2m

X

i

r2
i +

X

ij

vij

• We use the Pöschl-Teller potential
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vij = (si · sj � 1)V0
~2
2m

µ2

cosh2(µrij)
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Inspired by quantum Monte Carlo studies of dilute neutron matter, we developed a Pfaffian-
Jastrow ansatz

<latexit sha1_base64="82RANZDwqwbF8OuYl8ZxFqfZhps="></latexit>
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In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be
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J. Kim, B. Fore, AL, et al. arXiv:2305.08831 
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We benchmark the performances of the neural-network quantum states with DMC calculations

6

FIG. 2: Final converged energies per particle as a
function of the MPNN depth T . The interaction
parameters are set to v0 = 1 and µ = 5, which
translates to an e↵ective range of re = 0.4.

FIG. 3: mu = 40 point is still training

gies ⇠1-2% lower than DMC-BCS as the e↵ective range
is decreased from re = 0.4 (µ = 5) to re = 0.1 (µ = 20).
At re = 0.05 (µ = 40), we agree with DMC-BCS within
errors. check if this is true after training is done. Dis-
crepancies with BCS is certainly due to narrow width of
net

add plot of two-body densities

In Fig. 4, we explore the BCS-BEC crossover region
for a fixed e↵ective range re = 0.2. The cases closer to
unitarity were used to pretrain the cases further away.

FIG. 4

1/akF V0 µ DMC-BCS PJ
-2 1.591974 11.96225 0.882(1) 0.88518(4)
-1 1.758427 11.06247 0.801(1) 0.80350(4)
-0.2 1.942846 10.23012 0.578(1) 0.56725(4)
-0.1 1.970732 10.11637 0.510(1) 0.50146(4)
0 2.0 10.0 0.428(1) 0.42082(3)
0.1 2.030776 9.880801 0.328(1) 0.32191(4)
0.2 2.063204 9.758564 0.208(1) 0.20183(3)
0.5 2.172161 9.371025 -0.319(1) -0.3190(1)
1 2.408707 8.632898 -2.053(1) -2.0492(1)

TABLE II: Parameters for the two-body potential in
Eq. (2) giving di↵erent scattering lengths with the same

e↵ective range re = 0.2. Values in red need to be
retrained with better initial state (seem to get stuck in
local minima). Almost all values need to run for longer.

T 1 2 5

SJ-PW 0.5552(8) 0.5490(5) 0.5419(4)
SJ-BF 0.5069(2) 0.5044(3) 0.5014(4)
PJ 0.4381(2) 0.43665(8) 0.4374(2)

HF 0.898(1)
DMC-PW 0.540(1)
DMC-BCS 0.446(1)

TABLE III: replace with something more interesting,
based on figure 3?

IV. CONCLUSIONS AND PERSPECTIVES

This study introduces three novel NQS based on the
Slater-Jastrow and Pfa�an-Jastrow frameworks in which
correlations are encoded by a message-passing neural net-
work. All symmetries and boundary conditions are incor-
porated by design and parameter-space redundancies are
minimized. Our results reveal that the SJ ansätze can
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• Pfaffian - Jastrow

• Slater - Jastrow
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We proved that neural-network quantum state can model the BCS - BEC crossover better than DMC

6

FIG. 2: Final converged energies per particle as a
function of the MPNN depth T . The interaction
parameters are set to v0 = 1 and µ = 5, which
translates to an e↵ective range of re = 0.4.

FIG. 3: mu = 40 point is still training

gies ⇠1-2% lower than DMC-BCS as the e↵ective range
is decreased from re = 0.4 (µ = 5) to re = 0.1 (µ = 20).
At re = 0.05 (µ = 40), we agree with DMC-BCS within
errors. check if this is true after training is done. Dis-
crepancies with BCS is certainly due to narrow width of
net

add plot of two-body densities

In Fig. 4, we explore the BCS-BEC crossover region
for a fixed e↵ective range re = 0.2. The cases closer to
unitarity were used to pretrain the cases further away.

FIG. 4

1/akF V0 µ DMC-BCS PJ
-2 1.591974 11.96225 0.882(1) 0.88518(4)
-1 1.758427 11.06247 0.801(1) 0.80350(4)
-0.2 1.942846 10.23012 0.578(1) 0.56725(4)
-0.1 1.970732 10.11637 0.510(1) 0.50146(4)
0 2.0 10.0 0.428(1) 0.42082(3)
0.1 2.030776 9.880801 0.328(1) 0.32191(4)
0.2 2.063204 9.758564 0.208(1) 0.20183(3)
0.5 2.172161 9.371025 -0.319(1) -0.3190(1)
1 2.408707 8.632898 -2.053(1) -2.0492(1)

TABLE II: Parameters for the two-body potential in
Eq. (2) giving di↵erent scattering lengths with the same

e↵ective range re = 0.2. Values in red need to be
retrained with better initial state (seem to get stuck in
local minima). Almost all values need to run for longer.

T 1 2 5

SJ-PW 0.5552(8) 0.5490(5) 0.5419(4)
SJ-BF 0.5069(2) 0.5044(3) 0.5014(4)
PJ 0.4381(2) 0.43665(8) 0.4374(2)

HF 0.898(1)
DMC-PW 0.540(1)
DMC-BCS 0.446(1)

TABLE III: replace with something more interesting,
based on figure 3?

IV. CONCLUSIONS AND PERSPECTIVES

This study introduces three novel NQS based on the
Slater-Jastrow and Pfa�an-Jastrow frameworks in which
correlations are encoded by a message-passing neural net-
work. All symmetries and boundary conditions are incor-
porated by design and parameter-space redundancies are
minimized. Our results reveal that the SJ ansätze can
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The spin-dependent two-body radial distribution functions capture the probability density of finding two 
particles with specific spin orientations at a given separation distance

29

Different effective ranges   
at unitarity 

re = 2/μ
(1/akF = 0)

Different scattering lengths near unitarity 
(fixed re = 0.2)

29

Different effective ranges   
at unitarity 

re = 2/μ
(1/akF = 0)

Different scattering lengths near unitarity 
(fixed re = 0.2)
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The pairing gap can be estimated from odd-even 
staggering 

J. Kim, B. Fore, AL, et al. arXiv:2305.08831 
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�N =
(�1)N

2
[2EN � EN+1 � EN�1]

The unpaired particle has a defined momentum 
that fit the box
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Even with just one hidden-nucleon we do better than AFDMC for medium-mass nuclei

40Ca
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In addition to energies and single-particle densities, we can compute electroweak properties

6Li 7Li



CONCLUSIONS
Neural network quantum states are extending the reach of conventional QMC methods

• Favorable scaling with the number of fermions;

• Universal and accurate approximations for fermion wave functions; 

• Suitable for confined and periodic systems; 

46

• Scalable to leadership-class hybrid CPU/GPU computers 



PERSPECTIVES
• NQS calculations of medium-mass stable and exotic nuclei relevant to FRIB and ATLAS 

47

• Compute low-density isospin-asymmetric nucleonic matter: the flexibility of NQS will allow 
us to see self-emerging clustering in the low-density region;

• High-precision electroweak transitions, including magnetic moments and beta-decay rates;



PERSPECTIVES

48

• Relevant for: fusion, lepton-nucleus scattering, and collective neutrino oscillation; 

• Access “real-time” dynamics: the prototypal exponentially-hard problem in many-body theory
<latexit sha1_base64="W+MeCJylV677nRUbKRo9TsGPIGs="></latexit>
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ANNs were recently applied to solve 
the deuteron in momentum space 
using the N3LO Entem-Machleidt 
chiral-EFT nucleon-nucleon force

MACHINE-LEARNING THE DEUTERON

q

b

| S
ANN i

| D
ANN i

W(1) W(2)

Hidden
layer

Input
layer

Output
layer

Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
⌦
 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2

 The parameters of the ANN are optimized minimizing the variational energy using RMSprop

Figure 2: Deuteron binding energy as a function of iteration number
for a network with Nhid = 10 and a softplus activation function. The
energy cost function is minimised using RMSprop (see Appendix A
for details).

no bearing to physical ones. In a second step, we therefore
follow Ref. [19] and train the ANN to reproduce physically
inspired, but arbitrary, target wavefunctions for each of the

two states. We use a functional form  
L
targ(q) / q

L
e
� ⇠2q2

2

with ⇠ = 1.5 fm, which provides target wavefunctions with
momentum space widths which are similar to the exact so-
lutions.

We train the ANN wavefunction to match the target
wavefunction in a supervised manner. The cost function,
C = CS + CD, is the sum of the individual contributions
for each state, CL = (KL � 1)2, where we introduce the
overlap

KL =

⌦
 
L
targ

��  L
ANN

↵2
⌦
 
L
targ

��  L
targ

↵ ⌦
 
L
ANN

��  L
ANN
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ANN(q)]
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targ(q) 
L
targ(q)

R1
0 dq q2  L

ANN(q) 
L
ANN(q)

.

The RMSprop scheme is used to minimise C for 105 itera-
tions [14, 35]. We provide more details about this scheme
in Appendix A, and list here only the relevant hyperpa-
rameters: ↵ = 10�2, � = 0.9 and ✏ = 10�8. The network
calculates an unnormalised wavefunction for each partial
wave. In the minimisation algorithm, the wavefunction
normalization constants divide the learning rates. Be-
cause these normalization constants are typically larger
than one, unnormalized wavefunctions e↵ectively reduce
the learning rate during the minimisation process, allow-
ing for a relatively large value of ↵. After this initial train-
ing step, the resulting overlap is within 1� 5% of the de-
sired value of KL = 1. The admixture of the S� and the
D�states is deliberately chosen to have an unphysically
large value of 50%.

The third and final step is the actual variational en-
ergy minimisation. We let the network evolve to readjust
the wavefunctions while minimising the energy. The initial
large admixture between the two states does not hinder the
convergence of the VANN. We use RMSprop again to min-
imise the energy cost function in Eq. (2), with the same hy-
perparameter set discussed above. A typical energy min-

Figure 3: Binding energy of the deuteron (top panel), fidelities
FL (central) and D�state probability (bottom) as a function of the
number of hidden layer nodes, Nhid. Lines (bands) are obtained
from the average (standard deviation) of 50 independent VANN runs.
Horizontal (dashed) lines show the benchmark result.

imisation curve for the case with Nhid = 10 and a softplus
activation function is shown in Fig. 2. Within the first few
thousands of iterations (not shown in the Figure for clar-
ity), the descent is fast and smooth and the network is able
to bind the deuteron. After about 10, 000 iterations, fluc-
tuations appear. This allows for the energy to be overshot
at times, but the minimisation algorithm eventually cor-
rects for that. At 50, 000 iterations, the binding energy is
already within 10% of the benchmark value (dashed line).
We stop our runs at 250, 000 iterations, where the binding
energy is converged within fluctuations of the order of 2�3
keV.

3. Results

We explore the bias and variance of our minimal VANN
model, particularly the out-of-sample error, in two di↵er-
ent ways. First, we change the number of hidden layer
nodes from Nhid = 2 to 20, in steps of 2. An extended dis-
cussion up to Nhid = 100 is presented in Appendix B. This
provides an idea of how model predictions change with an
increase in the number of variational parameters. Second,
we initialise the model, train it to target wavefunctions
and minimise the energy with 50 di↵erent random seed
configurations. The results shown here are obtained as
the means and standard deviations of these 50 individual
runs. This helps identify weight initialisation e↵ects.
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Figure 1: ANN architecture used in this work. The input is a single
value of momentum, q, and the wavefunctions are modelled in terms
of a minimal single-layer network. In the example above, the number
of hidden nodes is Nhid = 4. The ANN has two outputs, one for the
S and one for the D state.

2. Methods

Our solution for the deuteron is variational. We set
up a minimal trial wavefunction. Our ANN has a single
input node: a value of relative momentum, q, between the
neutron and the proton in the deuteron. The ANN has
two output nodes, one for the L = 0 (S) and one for the
L = 2 (D) state. In between, we set up a single layer
with Nhid hidden nodes. The architecture of the network
is shown in Fig. 1, which translates mathematically into a
wavefunction ansatz

 
L
ANN(q) =

NhidX

i=1

W(2)
i,L �

⇣
W(1)

i q + bi

⌘
, (1)

where �(x) represents a non-linear activation function.
The weights W(1) connect the input relative momentum,
q, to a hidden layer, whereas W(2) connects the hidden
layer to the two outputs. We also use a bias between the
input and the hidden layer, b. We use bold notation W(1)

to denote the full weight (or bias) vectors, as opposed to

the vector components W(1)
i . The concatenation of all

weights and biases is denoted by W =
�
b,W(1)

,W(2)
 
.

For a given number of hidden layer nodes Nhid, there are a
total of 4Nhid parameters in the trial ANN wavefunction.

We use both a sigmoid and a softplus activation func-
tion �(x) in our ansatz. The two functions are continu-
ous and di↵erentiable, and softplus is less prone to be af-
fected by the vanishing gradient problem [26]. The output
layer is a weighted linear sum of the values of the hidden
nodes, and provides arbitrary admixtures of the S� and
D� states,  L=0,2

ANN . Dedicating a single layer to each of
the two states would result in an increase of the number
of parameters, departing from the minimal spirit of our
approach.

The parameters W are used as variational parameters
in a minimisation problem for the energy,

E
W =

⌦
 W

ANN

�� Ĥ
�� W

ANN

↵
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 W

ANN

��  W
ANN

↵ . (2)

We solve the problem explicitly in momentum space [27,
28, 29]. This is unlike previous VANN applications [19,
20, 21, 22], but helpful for three practical reasons. First,
in momentum space the kinetic term in the Hamiltonian
of Eq. (2) is a continuous function. In contrast, in real
space, the kinetic term would involve numerically costly
derivatives on the ANN wavefunctions. Second, for the
deuteron, the separation between centre-of-mass and rel-
ative motion can be implemented straightforwardly. The
centre-of-mass coordinate can be ignored and the problem
is solved as an e↵ective one-body Schrödinger equation
in relative momentum, q. Third, a momentum space ap-
proach allows us to employ directly the numerical routines
associated to the N3LO Entem-Machleidt nucleon-nucleon
force, our interaction of choice [30]. We have tested the
method with other momentum-space potentials, and have
found similar levels of agreement with the corresponding
benchmarks.

We use the same momentum quadrature in all our in-
tegrals. In the many-body case, these integrals may be
more e�ciently performed using Monte Carlo techniques
[19]. For the one-dimensional integrals associated to the
deuteron, we estimate that a large number of Monte Carlo
samples of order > 105 is needed to get an accurate pre-
diction for the binding energy. We instead use Nk = 64
points in a Gauss-Legendre quadrature, and use a tangen-
tial change of variables to extend the integration range
from 0 to kmax = 500 fm�1. This approach provides a
dense mesh at low momenta, while sparsely covering the
high-momentum region (only 7 mesh points lie beyond
k = 5 fm�1). We use the same quadrature to solve the
exact ground state eigenvalue problem, to set a bench-
mark for the VANN solution and find an “exact” ground
state energy, EGS = �2.2267 MeV.

The choice of a continuous momentum basis, as op-
posed to a discrete basis, is further motivated by an im-
portant result on ANNs. The Universal Approximation
Theorem guarantees that a network with a single layer
provides a faithful representation of any continuous func-
tion within a given domain, provided Nhid is large enough
[31, 32]. In this sense, working in continuous momentum
space, rather than in a discrete basis, may be advanta-
geous. One naively expects that ANNs should mimic the
shape of any wavefunction, if given enough hidden nodes to
do so. We note that perfect agreement between input and
output is likely to require a local cost function, to penalise
di↵erences throughout momentum space. This is not nec-
essarily the case here, where we use a global (integrated)
energy cost function.

We solve the variational problem in three di↵erent steps,
implemented using the ready-made PyTorch framework
[33]. First, we initialise the network using random weight
values. We sample from uniform distributions withW(1) 2
[�1, 0), b 2 [�1, 1) and W(2) 2 [0, 1). This di↵ers from
the traditional Xavier initialisation scheme, which has a
poor performance in this problem [34]. After this random
initialisation, the wavefunctions are featureless and have

2



We are exploring the solution of the many-body problem in the occupation-number formalism. 
As a prototypal example, we consider a simplified pairing model
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NUCLEAR PAIRING MODEL 
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• The Jordan-Wigner transformations 
map the Hamiltonian into the spin basis;

• We solve it using ANN ansatz and 
compare with exact diagonalization; 

• The algorithm scales as the 
number of single-particle states 
squared;

M. Rigo, B. Hall, AL, Phys. Rev.E 107 (2023) 2, 025310
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We can use this result to inform a good initial guess for
the cluster parameters t by comparing the pCCD corre-
lation energy (32) with the second order contribution to
the correlation energy from MBPT, which allows us to
identify

tai
(0) = �

1

2

gai

di � da � gii
. (40)

VI. RESULTS

The VMC-NQS values reported in this section were ob-
tained by averaging over the energy estimates of 100 op-
timization steps at convergence. We initially present re-
sults for the Hamiltonian with constant pairing strength
g of Eq. (5) considering P = 10 energy levels occupied
by M = 5 pairs of fermions. The correlation energies
as functions of the pairing strength computed within
MBPT, pCCD, and VMC-NQS are displayed in Fig. 2.
At small values of g, all many-body methods yield simi-
lar correlation energies. Already at g . �0.2, MBPT re-
sults start deviating from the exact-diagonalization ones,
indicating the shortcomings of perturbation theory in
addressing the large negative coupling constant region.
A similar trend is observed by the pCCD calculations,
albeit they remain closer to the exact ones down to
g . �0.4. At deeper values of g, the pCCD energies
become significantly lower than the exact ones, show-
ing a clear violation of the variational principle. On
the other hand, the correlation energies computed using
VMC-NQS are in excellent agreement with the exact ones
over the whole range of g values considered and beyond,
with discrepancies remaining always smaller than 10�4.
Crucially, in contrast with MBPT and pCCD methods,
VMC-NQS fulfils by construction the variational princi-
ple.

We then extend our comparative analysis considering
a larger model space, with up to P = 40 energy lev-
els and M = 20 pairs of fermions. In Table I, we com-
pare the correlation energies obtained within VMC-NQS,
pCCD, and the highly-accurate iterative approach for
solving the Richardson equations developed in Ref. [36].
To make contact with the results of the latter reference,
the single-particle energies are re-scaled as dp = p/10
and the pairing strength is taken to be g = �0.05. Simi-
larly to the smaller model space, the correlation energies
computed within VMC-NQS are almost always in per-
fect agreement with the ones obtained from the Iterative
method. The only exception is the case with P = 40 and
M = 20, for which the VMC-NQS yields �1.785, while
the iterative method provides �2.111. In this regard,
we successfully executed the MATHEMATICA program
attached to Ref. [36] for all combinations of P and M ,
except for P = 40 and M = 20, where we could not ob-
tain converged results. On the other hand, pCCD strug-
gles already for P = 10 and M = 5, where it yields
⇠ 20% overbinding. Increasing the number of single-
particle states and pairs, pCCD becomes more and more

FIG. 2: Correlation energy for the constant-coupling
model for P = 10 energy levels and M = 5 pairs as a
function of the interaction strength. VMC-NQS (solid
orange circles), MBPT (solid red triangles), and pCCD
(green crosses) calculations are compared with the exact

answer (solid line).

unreliable, with large departures from both the exact
and VMC-NQS values. This behavior is due to the the
pairing interaction terms growing faster with the num-
ber of states than the mean-field one, making the exact
ground-state very di↵erent from the Hartree-Fock solu-
tion. We now turn to the separable-pairing Hamiltonian
of Eq. (9). In Fig. 3, we display the correlation energy
for this Hamiltonian for P = 10 energy levels and M = 5
pairs as a function of the interaction strength. Consistent
with Ref. [35], we use the cuto↵ ↵ = 10. The exact-
diagonalization and VMC-NQS results overlaps nicely

P M = 5 M = 10 M = 15 M = 20

VMC-NQS
10

-0.160 0.000 - -

pCCD -0.193 0.000 - -

Iterative -0.160 0.000 - -

VMC-NQS
20

-0.394 -0.515 -0.394 0.000

pCCD -0.987 -1.743 -1.110 0.000

Iterative -0.394 -0.515 -0.394 0.000

VMC-NQS
30

-0.606 -0.946 -1.057 -0.946

pCCD -1.750 3.500 -6.467 -5.697

Iterative -0.606 -0.946 -1.057 -0.946

VMC-NQS
40

-0.809 -1.356 -1.678 -1.785

pCCD -4.231 124.923 7.598 -44.346

Iterative -0.809 -1.356 -1.678 -2.110

TABLE I: Correlation energies obtained with the
VMC-NQS method compared with pCCD and the

iterative approach of Ref. [36] for the constant-coupling
Hamiltonian of Eq. (5) with g = 0.05 and dp = p/10.



The exact ground-state wave function can be expressed as a sum of Slater determinants
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CONFIGURATION-INTERACTION
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The dimensionality explodes quickly
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CONTINUUM QUANTUM MONTE CARLO 
The trial wave function can be expanded in the set of the Hamiltonian eigenstates

GFMC relies on imaginary-time propagation

| T i =
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cn| ni H| ni = En| ni
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Fig. 4 (Pudliner, et al.)
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B. Pudliner et al., PRC 56, 1720 (1997)

J. Carlson Phys. Rev. C 36, 2026 (1987)

GFMC suffers from the fermion-sign problem, but 
it is “virtually exact” for light nuclear systems.


