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Topic Applications in Many-Body Physics

Strongly Correlated Electron Physics 
Spin-Charge Separation, Hidden Order, Incommensurate Magnetism, 
Polarons, Strange Metals, Hole Pairing,…
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State Preparation/Engineering and Detection0

Nonequilibrium Dynamics - Counting Atoms one-by-one

Fluctuation Hydrodynamics2



courtesy: T. W. Hänsch

System size: up to few thousands of particles

Particles: Fermions, Bosons, Mixtures

Spin degree of freedom:

Mobility: itinerant or static

1S0

3P0

Hyperfine  
(Microwave)

Clock  
(Optical)



Introduction Primer on Optical Lattices

laser

optical standing wave

<latexit sha1_base64="CNjIX24Njhz4UxPLTUigvTE0DA0="></latexit>

w ⇠ 2p ⇥ (10 kHz � 1MHz)
<latexit sha1_base64="cuwbSb4Euk61RG3my6blOK7HirU="></latexit>

s ⇠ 10 nm � 100 nm

<latexit sha1_base64="wlmbtgHboXYyKxt0imd07Ecam2Q="></latexit>

t/h ⇠ 100 Hz � 5 kHz

<latexit sha1_base64="cpMryL1be4peCIBUcsLmBrTE7nY="></latexit>

a = 250 nm � 1 µm

Full dynamical control over lattice depth, geometry, dimensionality!

Fourier synthesize aribtrary lattices:

• Square
• Hexagonal/Triangular/Brick Wall
• Kagomé
• Superlattices
• Spin dependent lattices
• Flux Lattices 
...

Collisional  
(onsite few kHz)



Introduction 2D Quantum Walks in Optical Lattices

Square

Triangular

Lieb

Kagomé

D. Wei et al. arXiv:2301.11869 (2023) 
recently used: Bakr group (Princeton)

related: D. Greif et al. Nature 535 217 (2014), M. Xu et al. arXiv:2212.13983 

Derived from a single  

optical lattice setup! 

(with passive phase stability)



Single Atoms
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Quantum Gas Microscopy

W. Bakr et al., Science (2010) & J. Sherson et al., Nature (2010) 
Addressing: C. Weitenberg et al., Nature (2011)  

Single atom  
detection 

Potential  
Engineering

J.Y. Choi (KAIST)  
Phys. Rev. A (2022)

Single Atom  
Adressing

BEC Mott



Potential Shaping Flexible Geometries and Large Sizes

Quantum Ladders with  
flexible edge geometries 
(SPT Spin-1 Haldane Phase) 

Fully tuneable coupling strengths 
+dimensionality +flux +frustration

J

<latexit sha1_base64="byiiyhBAZhKDEg0VG21x6iiU1i0="></latexit>

J?

<latexit sha1_base64="P28b6rMa9rtPNMzJ10gQSVFdoQA="></latexit>

Large Homogeneous 2D Systems 
(2000-5000 atoms, filling 95-98%)

Tweezer SPT: Léséluc et al. Science 365, 6455 (2019) 
see also: C. Chiu et al. Phys. Rev. Lett. 120, 243201 (2018)


Idea: J.-S. Bernier et al. Phys. Rev. A 79, 061601 (2009) 
T.-L. Ho & Q. Zhou arXiv:0911.5506


P. Sompet et al. Nature 606, 484 (2022)

News Cs experiment in collaboration with  
M. Aidelsburger

Rb Quantum Gas  
Microscope

Cs Quantum Gas  
Microscope



FHM Microscope Full Spin & Density Resolved Detection

3 μm

21 μm

Spin
splittting

Charge
pumping

Mono-
layer
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Layer 1

Layer 2

: hole
: doublon

: spin down
: spin up

Density and spin readout: M. Boll et al. Science 353, 1257 (2016), J. Koepsell et al. Phys. Rev. Lett. 125, 010403 (2020),  
see also: Harvard (Greiner), Princeton (Bakr) Phys. Rev. Lett. 129, 123201 (2022), MIT (Zwierlein) arXiv:2208.05948
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Snapshots where each “electron” is visible
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Fermi Hubbard Fermi Hubbard Model (FHM)

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.

More unique to the copper oxides is the behaviour observed in a range
of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at low energies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence and many aspects of their general structure were
anticipated by theory7. Superconducting fluctuations also have an important
role in part of this regime, although to an extent that is still much debated.

The high-temperature superconducting phase itself has a pattern of
broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirely distinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are now well understood, and indeed were also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate of Tc have had some success13, there
are important reasons to consider this problem still substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electron has a spin whose orientation remains a dynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusion principle, an antiferromagnetic interaction between neighbour-
ing spins. This, in turn, leads to a simple (Néel) ordered phase below room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.

The Cu-O planes are ‘doped’ by changing the chemical makeup of
interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2). Materials
with p , popt are referred to as underdoped and those with popt , p are
referred to as overdoped.

It is important to recognize that the strong electron repulsions that
cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copper oxide superconductors. This has several general consequences. The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failure of the quasiparticle paradigm is most acute in the ‘strange metal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emerge when the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a high magnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in at TCDW. TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Cu 3dx2 – y2
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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Fermi-Hubbard Model  
 
 
 

AFM Heisenberg Model 
Half filling & strong interaction  
 
 
 
 
 
 
 
 

B. Keimer et al., Nature 518 2015

J =
4t2

U
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H = J Â
hi,ji

Si · Sj
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hole delocalization magnetic order

Away from half filling: t-J model 
competition between

<latexit sha1_base64="UDKmGlFWa9RhPclW9LTzlH/aDQA="></latexit>
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Doping in 1D Fermi Hubbard Model



Fermi Hubbard Doping in the 1D Fermi Hubbard Model
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Holes form topological excitations & 
Hidden Antiferromagnetic Correlations 

(Non-local string correlations) 

T. Hilker et al.  
Science 357, 

484 (2017)

Ground State Spin-Charge Separation1

Dynamical Spin-Charge Fractionalization

J. Vijayan et al.  
Science 367, 186–189 (2020)

Spin 1/2 
Spinon

Chargon/ 
Holon

2

Incommensurate AFM
F.D.M. Haldane J. Phys. C: Solid State Phys. (1981)


G. Salomon et al. 

Nature 565, 56 (2019)


F. Woynarovich J. Phys. C (1982)

M. Ogata & H. Shiba Phys. Rev. B (1990) 



Single Hole in 2d AFM

S. A. Trugman, Phys. Rev. B 37 (1988) 
S. Schmitt-Rink, C. M. Varma & A. E. Ruckenstein PRL 60, 2793 (1988) 
J. R. Schrieffer, X. G. Wen & S. C. Zhang, Phys. Rev. B 39 (1989) 
C. Kane, P. Lee & N. Read Phys. Rev. B 39 (1989) 
B.D. Simons & J.M.F. Gunn, Phys. Rev. B 41 (1990) 
P. Lee et al., Rev. Mod. Phys. 78 (2006)



Spinon-Holon Polaron Formation in 2D

Holes cannot move freely in 2D - holon and spinon are bound

Moving hole leaves frustrated bonds 
behind - CONFINEMENT! 

Spinon and Holon form “Parton”

S. A. Trugman, Phys. Rev. 8 37, 1579 (1988)

J. R. Schrieffer, X. G. Wen & S. C. Zhang, Phys. Rev. B 39 (1989)

C. Kane, P. Lee & N. Read Phys. Rev. B 39, (1989)

B. D. Simons and J. M. F. Gunn, Phys. Rev. B 41, 7019 (1990)

P. Lee et al., Rev. Mod. Phys. 78 (2006)

J.M.F. Gunn & B.D. Simons Phys. Rev. B 42, 4370 (1990)

F. Grusdt et al., PRX 8, 011046 (2018)

Magnetic polaron is formed!
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Microscopic Polaron Image & Motion

Complete model independent 

simulation of magnetic environment 

around charge impurity

J. Koepsell et al. Nature 572, 358 (2019) & J. Koepsell et al. 374, 82 (2021)

See also recent results on frustrated systems: Princeton & Harvard  
related: detection of string patterns Ch. Chiu et al. Nature (2019) 
attractive U: T. Hartke et al. arXiv:2208.05948

Static (Microscopic Picture)

G. Ji et al. PRX 11, 021022 (2021)

Dynamical evolution



High Temperature Hole Pairing 
in Fermi Hubbard Ladders

A. Bohrdt, L. Homeier, I.B., E. Demler & F. Grusdt Nat. Phys. 18, 651 (2022)
S. Hirthe et al. Nature 613, 463–467 (2023)



How to bind with purely repulsive 
interactions? 

(non standard binding mechanism)

via magnetic correlations!



Strong Pairing Binding Mechanism

Single holon 
moves ≈ 2J⊥Energy penalty

1 2

Second holon  
undoes effect  
of first hole

3 4

Pairing effect!



Strong Pairing Why Mixed-D Helps

Mixed Dimensions - Charge 1D; Spin 2D

2D

Binding reduced by “Fermi hole-hole repulsion” 

Weak binding energy (fraction of ) and large pairs

low-T required

J⊥

Fermi hole-hole repulsion removed

Strong binding energy (as large as t) and rung pairs

Much higher-T enabled



Binding via Magnetic Correlations Hole-Hole Correlations

Across Rung Within Leg

Pairing !



Strong Pairing Stability of Pairing Signal

Temperature Hole Doping

Pair binding energy  
independent of doping
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Promising: Double Quantum Advantage  
(in Space & Time)

But also challenging for experiments!

Large System Sizes
Homogeneous Systems
Long Time Evolutions



Quantum Transport - Atom-by-Atom

e−iĤt/ℏ …Time evolution…



Quantum Transport - Atom-by-Atom



Quantum Transport - Atom-by-Atom

̂ni ̂nj

Full counting statistics directly 

accessible in experiments

#1

#2

#3

#4

#5

#6

See also: (Endres group) J. Choi et al., Nature 613, 468 (2023)




x

t

M
ic

ro
sc

op
ic

 
Q

ua
nt

um

Subsystem
Local

entanglement

Non-Equilibrium Dynamics Dynamics for Thermalisation

Stages of Dynamics

Eigenstate Thermalisation Hypothesis 
J. M. Deutsch, Phys. Rev. A 43, 2046 (1991).

M. Srednicki, Phys. Rev. E 50, 888 (1994).

M. Rigol, V. Dunjko, and M. Olshanii, Nature 452, 854 (2008).

R. Nandkishore, Phys. Rev. B 92, 245141 (2015).

L. D’Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol Adv. Phys. 65, 239 (2016).


Experiments Thermalisation 
A. M. Kaufman et al., Science 353,794 (2016).

⟨Ô
L⟩

Local expectation values 
(e.g. density, magnetization)

t

ETH

?
Subsytem fluctuations, 
full counting statistics
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Non-Equilibrium Dynamics Dynamics for Thermalisation

Stages of Dynamics

Bertini, L., De Sole, A., Gabrielli, D., Jona-Lasinio, G. & Landim, C.  
Rev. Mod. Phys. 87, 593–636 (2015).

Classical Systems: Macroscopic Fluctuation Theory
<latexit sha1_base64="lON2dm4/+BA5COdaQH6Xzg9y3uY="></latexit>��� + ��� = 0, � = ��(�) ��� +�2�(�)�(�) �

Nonlinear stochastic PDE

Can this work for quantum systems as well ??? is there an emergent hydrodynamics of fluctuations
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Kardar-Parisi-Zhang Equation

Non-linear stochastic differential equation describing temporal change of height field

M. Kardar, G. Parisi & Y.-C. Zhang PRL 56, 889 (1986)

M. Prähofer & H. Spohn PRL 84, 4882 (2000)

C.A. Tracy & H. Widom Comm. Math. Phys. 159, 151 (1994)
C.A. Tracy & H. Widom Comm. Math. Phys. 177, 727 (1994)

Martin Hairer 
Fields Medal  

(2014)

̂Sz(x, t) ∼ ∂xh(x, t) M. Ljubotina et al., Nature Comm. (2017) 
M. Ljubotina et al., Phys. Rev. Lett. (2019)


S. Gopalakrishnan and R. Vasseur, Phys. Rev. Lett. (2019)
J. De Nardis, Phys. Rev. Lett. (2019)

S. Gopalakirshnan, R. Vasseur, and B. Ware, PNAS (2019) 
V. B. Bulchandani, Phys. Rev. B (2020)

Quantum Exp: D. Wei et al. Science 376, 716 (2022)  
see also: A. Scheie et al. Nature Phys. 17, 726 (2021) 
Polariton condensate: Q. Fontaine et al. Nature 608, 687 (2022)



Our System

Coupled ladders (interacting)

Hardcore bosons  
(on a ladder (2x50 sites) with tunable coupling)

1d chains (free fermions)

Ti
m

e

J ⊥

J



Transport Thermalisation: Integrable vs. Chaotic 

Hardcore bosons  
(tuneable ladder coupling)

Full counting statistics on 
different subsystem sizes

Related: 
A.M. Kaufman et al.  

Science 353, 794 (2016) 
 and thermalisation  

experiments by D. Weiss (PennState) 



Fluctuation hydrodynamics Local equilibration

See also: S. Trotzky et al. Nat. Phys. 8, 325 (2012) 



Transport Subsystem Fluctuations

Enables quantitative determination  
of dynamical exponent z and diffusion constant  

Global equilibrations takes longer and longer  
for larger subsystem

1D - ballistic Ladder - chaotic

Determination of  
dynamical exponent

L ∝ t1/z
sat

Subsystem fluctuations

VarL(t) ≈
2Dt
πa2

MFT prediction



Fluctuation Hydrodynamics Timescales - Integrable to Chaotic

Integrable Crossover Chaotic



Transport Density-Density Correlations
L

Hardcore bosons  
(tuneable ladder coupling)

Integrable (free fermions) Chaotic

M. Cheneau, ..., I. Bloch, S. Kuhr, Nature (2012)
Y.-G. Zheng, ..., Z.-S. Yuan, J.-W. Pan, arXiv:2210.08556

See also:

Rung Density-Density Correlations

<latexit sha1_base64="r699N4thwdCR/5rc1YnyShDLXhM="></latexit>���� = 0.88(5) <latexit sha1_base64="hn2eKqoYkLzo3N0fVp3igRfZaxc="></latexit>��� = 0.95, 0.97Experiment Equilibrium theory

Test for fluctuating hydrodynamics in chaotic quantum systems

C(i − j) = ⟨N̂iN̂j⟩ − ⟨N̂i⟩⟨N̂j⟩

Equilibrium transport theory: 
R. Steinigeweg et al., Phys. Rev. B (2014)

T. Rakovszky, C. W. von Keyserlingk & F. Pollmann Phys. Rev. B (2022)



Fluctuation Hydrodynamics Summary Slide - Fluctuation Hydrodynamics

Full counting statistic / fluctuations powerful  
new observables for quantum transport 

(Nonlinear) Noisy classical dynamics can efficiently describe 
charge fluctuation dynamics in chaotic quantum many-body systems 
via MFT 

Test of fluctuation-dissipation theorem out-of-equilibrium 

Determination of equilibrium transport coefficients  
through out-of-equilibrium dynamics 

When does MFT fail? Higher order cumulants? Can we make MFT more quantum ?

Random Unitary Circuits: E. McCulloch, J. De Nardis, S. Gopalakrishnan & R. Vasseur Full arXiv:2302.01355 

Quantising MFT: D. Bernard J. Phys. A: Math. Theor. 54, 433001 (2021).
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